Multicriteria group decision making MCGDM research has rapidly been developed and become a hot topic for solving complex decision problems. Because of incomplete or non-obtainable information, the refractured well-selection problem often exists in complex and vague conditions that the relative importance of the criteria and the impacts of the alternatives on these criteria are difficult to determine precisely. This paper presents a new model for MCGDM by integrating fuzzy analytic hierarchy process AHP with fuzzy TOPSIS based on interval-typed fuzzy numbers, to help group decision makers for well-selection during refracturing treatment. The fuzzy AHP is used to analyze the structure of the selection problem and to determine weights of the criteria with triangular fuzzy numbers, and fuzzy TOPSIS with interval-typed triangular fuzzy numbers is proposed to determine final ranking for all the alternatives. Furthermore, the algorithm allows finding the best alternatives. The feasibility of the proposed methodology is also demonstrated by the application of refractured well-selection problem and the method will provide a more effective decision-making tool for MCGDM problems.
Introduction
With the rapid development of economic and technology, the theories and method of multicriteria decision-making MCDM problems 1, 2 have been extensively applied to various areas such as management sciences 3, 4 , operation research 5 , project selection 6 , and economic evaluation 7 . The goal of decision-making process is to select a finite number of alternatives generally characterized by multiple conflicting criteria. Great achievements have 2 Journal of Applied Mathematics been made to the development of several MCDM approaches in modern decision science 1, 2, 6, 8-14 . Guitouni and Martel 10 stated that the aggregation of the alternative evaluations expressed according to different dimensions should imply some kind of compensation 15 . To choose an appropriate multicriteria decision aid method is to choose a kind of compensation logic. One of these techniques known as technique for order preference by similarity to ideal solution TOPSIS 16 , developed by Hwang and Yoon 2 , is a technique to evaluate the performance of alternatives through the similarity with the ideal solution. In this technique, the best alternative should have the shortest distance from the positive ideal solution and the farthest distance from the negative ideal solution. The positive ideal solution is one that maximizes the benefit criteria and minimizes the cost criteria. The negative ideal solution is one that maximizes the cost criteria and minimizes the benefit criteria. In summary, the positive ideal solution is composed of all best values attainable of criteria, and the negative ideal solution consists of all the worst values attainable of criteria. In addition, the ranking of all the alternatives is presented in decreasing order.
In the process of well selection with refracturing, a major issue is to evaluate all the chosen alternatives with respect to various criteria and to determine the relative importance of these criteria. These criteria usually conflict with each other and are incommensurable; there may be no solution satisfying all the criteria simultaneously. Moreover, because of the complexity of objective things and incomplete information, decision makers judgments including preferences are often vague and cannot estimate their preference with an exact value. Also, different decision makers have different knowledge about these alternatives and criteria. Therefore, the refractured well selection belongs to a multicriteria decision-making problem 1, 2 which involves both quantitative and qualitative criteria with various kinds of uncertainties such as ignorance, interval data, and fuzziness.
In order to handle uncertainties in an effective manner, Zadeh 17 developed the theory of fuzzy sets and fuzzy logic and utilized the theory to model uncertainty or lack of knowledge successfully when applied to a variety of problems in science and engineering. Bellman and Zadeh 18 were the first to introduce the theory of fuzzy sets in problems of multicriteria decision-making as an effective approach to treat vagueness, lack of knowledge, and ambiguity inherent in the human decision-making process. Recently, Chen 19 extended the concept of TOPSIS to develop a methodology for solving multicriteria group decision making problems in fuzzy environment. Jahanshahloo et al. 20 proposed an algorithmic method to extend TOPSIS for decision-making problems with interval data. Baležentienė and Klimas 21 used the TOPSIS method with interval data to to evaluate the effectiveness and optimal rate of humic fertilizer on various impact patterns. When considering the situations that decision makers cannot reach an agreement sometimes on the method of defining linguistic variables based on the fuzzy sets, Ashtiani et al. 8 presented an interval-valued fuzzy TOPSIS method to solve the management selection application of MCDM problems. Ye 5 extended the TOPSIS method with interval-valued intuitionistic fuzzy numbers to solve virtual enterprise partner selection. Wei-guo and Hong 22 extended the TOPSIS framework of multiattribute individual decision-making to group decision-making situations by introducing the concepts of group positive ideal and group negative ideal solutions. In their method, a relative closeness to the group positive ideal solution was defined to determine the ranking order of all alternatives by calculating the distances to both the group positive ideal and group negative ideal solutions simultaneously. However, the framework proposed by Wei-guo and Hong may present limitations because the personal judgments were represented by numerical values in the traditional formulation of TOPSIS. Afterwards, Krohling and Campanharo 23 proposed a fuzzy TOPSIS for group decision making to Journal of Applied Mathematics 3 evaluate the ratings of response alternatives to a simulated oil spill and to do research for finding out the best combat responses in case of accidents with oil spill in the sea. Baležentienė and Užupis 4 applied the fuzzy TOPSIS method for group decision making to evaluate fertilizing management alternatives in order to investigate mitigation of greenhouse gas emissions and maximization yield indices in agriculture.
The analytic hierarchy process AHP is another important MCDM approach, which was originally proposed by Saaty 24 . The AHP has been widely used by both researchers and practitioners. For instance, Dagdeviren and Yüksel 25 developed a fuzzy AHP model for behavior-based safety management. Miri lavasani et al. 26 utilized the analytical hierarchy process to estimate weights required for grouping noncommensurate risk sources in oil and gas offshore wells. Amiri 6 used the AHP and fuzzy TOPSIS methods to tackle project selection problems, who stressed that calculation of the criteria weights was important in fuzzy TOPSIS and they could change the ranking for some projects in application. Ju and Wang 27 developed a method of incorporating DS/AHP with extended TOPSIS to select suitable emergency alternatives under group decision makers. Comparing AHP and fuzzy AHP, Saaty and Tran 28 stated the invalidity of fuzzifying numerical judgments indiscriminately in the AHP. They stressed that validity is the goal in decision making and fuzzification does not necessarily improve the numerical value of a solution in those situations when the true value is already known by other means and is being estimated by a numerical process that represents judgments of involved participants, whether well or poorly informed. So it is suggested that fuzzy AHP is a preferred techniques in decision making until it is validated effectively. Then Sun 29 explored a performance evaluation model by integrating fuzzy AHP and fuzzy TOPSIS methods based on triangular fuzzy numbers. Gumus 30 handled the evaluation of hazardous waste transportation firms problem by using a two-step fuzzy-AHP and TOPSIS methodology, where the usage of fuzzy-AHP weights in TOPSIS made the application more realistic and reliable. Torfi et al. 31 proposed a fuzzy multicriteria decision-making approach, combining fuzzy AHP with fuzzy TOPSIS, to evaluate the alternative options in respect to the user's preference orders when the performance ratings are vague and imprecise. Also, taking triangular fuzzy numbers as truth values of performance ratings, Büyüközkan and Cifci 32 used a combined fuzzy AHP and fuzzy TOPSIS technique to evaluate a set of hospital website alternatives in order to search for the best qualified alternative that satisfies the needs and the expectations of customers.
Considering the fact that interval-valued fuzzy numbers are more general and better to express incomplete and vague information 33-36 , we try to propose a new model for multicriteria group decision-making problems by integrating fuzzy AHP with fuzzy TOPSIS in the basis of interval-typed fuzzy numbers in this paper, where the interval-typed fuzzy numbers can be regarded as a generalization of interval-valued fuzzy numbers, and the positive and negative ideal solutions are expressed by interval-typed fuzzy numbers. In addition, the algorithm is presented and applied to evaluate well selection for refracturing. The rest of the paper is organized as follows: Section 2 describes some basic concepts and the fuzzy-AHP technique. Section 3 develops a fuzzy TOPSIS for group decision making to deal with preference of the decision makers, where the decision matrix consists of intervaltyped triangular fuzzy numbers and the weights of criteria are determined by the fuzzy AHP based on triangular fuzzy numbers. Section 4 introduces the well selection for fracturing. In Section 5, the proposed method is applied to solve the refractured well-selection problem. And the practical results show that the method is of great feasibility and reliability. Finally, conclusions and directions for future work are presented in Section 6. 
Some Basic Concepts and the Fuzzy AHP Method

Some Basic Concepts
We first give some basic concepts to be used within this paper.
Definition 2.1. A triangular fuzzy number
A is defined as a triplet a 1 , a 2 , a 3 shown in Figure  1 . The membership function μ A x is defined as 
v λA λa 1 , λa 2 , λa 3 for any positive λ ∈ R;
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The definitions of interval-valued fuzzy numbers are shown in the references 37, 38 for details. As a generalization, now we introduce the definition of interval-typed triangular fuzzy numbers. 
} i∈I be a collection of interval-typed triangular fuzzy numbers, where I denotes a finite index set. Then
U be two interval-typed triangular fuzzy numbers. Then the distance between them is calculated by
According to 
Fuzzy Analytical Hierarchy Process (AHP)
Fuzzy AHP utilizes a similar framework to AHP in conducting analysis by using fuzzy ratios instead of crisp values. The approach to determine weighting factors in refractured well selection is composed of the following steps.
Step 1. Identify the factors and sub-factors to be used in the model.
Step 2. Structure the AHP model hierarchically based on the factors and sub-factors identified at Step 1. AHP model is structured such that the objective is in the first level, factors are in the second level, and the sub-factors from the second level are on the third level.
Step 3. Determine the local weights of the factors and sub-factors by using pairwise comparison matrices. The fuzzy scale regarding relative importance to measure the relative weights is given in Table 1 . This scale is proposed by Kahraman et al. 40 and used for solving fuzzy decision-making problems 40, 41 in the literature. For example, there are n factors to the objective in the second level. Assign linguistic terms to the pairwise comparisons by asking which is the more important of each two factors. Then the matrix is constructed as follows: 
where r i is a geometric mean of fuzzy comparison value of factor i to each factor and w i is the fuzzy local weight of the ith factor.
Step 4. Calculate the global weights for the sub-factors. Global subfactor weights are computed by multiplying local weight of the sub-factor with the local weight of the factor to which it belongs.
The Proposed Fuzzy TOPSIS with Interval-Valued Fuzzy Numbers
. . , C n } be a set of decision makers in the group decision making, a set of alternatives, and a set of criteria, respectively.
ij is the criterion value given by the decision maker G k , where k a ij is a normalized interval-typed triangular fuzzy number for the alternative A i with respect to the criterion C j with i 1, . . . , m; j 1, . . . , n. Let triangular fuzzy number k ω j k ω j1 , k ω j2 , k ω j3 be the jth criterion weight given by the decision maker
. . , λ l be the weight vector of decision makers, where
Then we utilize the criteria weights, the decision makers' weights, and the criteria values to rank the order of the alternatives in the following steps.
Step 1. Determine the weighted vector of criteria by virtue of fuzzy AHP, which is suitable for dealing with the uncertainty associated with the mapping of human judgment to a number by natural language. The weight vectors with respect to each group decision maker are described by
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Step 2. Construct a weighted fuzzy normalized decision matrix for each decision maker as follows: 
3.3
Step 3. Identify the positive ideal solution k S and negative ideal solution k S − for each decision maker G k k 1, . . . , l as follows:
where
. . , m}, J 1 is composed of the criteria with the property that the more value of the criterion the better, and J 2 consists of the criteria with the property that the less its value, the better.
Step 4. Calculate the distances from the positive ideal solution k S and the negative ideal solution k S − for each alternative A i , respectively. The distance of alternative A i from the positive ideal solution of the group decision maker G k , k d i is given by
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In a similar way, the distance of alternative A i from the negative ideal solution of the group decision maker
where the distance between two triangular fuzzy numbers is defined in Section 2.
Step 5. Calculate the relative closeness for each alternative A i of each decision maker G k , k p A i with respect to the positive ideal solution as
The higher the value of k p A i , the closer the ith alternative is to the positive ideal solution for the decision maker G k .
Next, the relative closeness matrix is constructed by
And the weighted relative closeness matrix by introducing the importance weights of group decision makers into the relative closeness is presented as follows:
Step 6. Construct the group positive ideal solution S G and the group negative ideal solution S − G , respectively, by applying the classical TOPSIS to the decision matrix in the following:
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Step 7. Calculate to each alternative A i the distances from the group positive ideal solution S G and from the group negative ideal solution S − G , respectively, as follows:
where i ∈ N m .
Step 8. Calculate the group relative closeness δ G for each alternative A i i ∈ N m with respect to group positive ideal solution S G as
3.13
Step 9. Rank the alternatives according to the group relative closeness. The bigger the δ G A i is, the better the alternative i is, vice versa. This is the reason that the alternative having higher value δ G A i is closer to the group positive ideal solution. Therefore, the best alternatives are those that have the highest value δ G .
Refractured Well Selection
In the low-permeability oil and gas development process, refracturing of oil and gas wells has been extensively used and become an important measure to maintain and increase the production of more crude oil in the failure of the original crack. During refracturing treatment, several properties of oil and gas reservoir including porosity, formation pressure, and oil saturation reduce to varying degrees. Moreover, it is difficult for refractured well to ensure a certain amount of economic output. Currently, the alternative of refractured well is chosen mainly by experience. Since human judgments including preferences are often vague and imprecise and many factors affecting refractured well selection are complex and often conflict with each other, whether the desire yield is achieved after refracturing is unknown. In this paper, we try to deal with the well selection of refracturing problem by quantitative factors comprehensively and by means of fuzzy AHP and fuzzy TOPSIS. By that, we can quantificationally determine the preferred candidate well for refracturing. As an illustration, consider six wells in a certain oil field as alternatives. There are many kinds of factors affecting refracturing as follows.
Effective Permeability c1
Effective permeability is one of the important parameters for evaluating reservoir, which reflects the capacity for allowing fluid to flow through the formation. If the reservoir lithology is too dense and has extremely low permeability, then the yield will not be too high due to the diversion capacity constraints, even if the formation pressure is higher and have larger reserves. So making refracturing measurement can greatly generate far-reaching crack, improve the reservoir flow capacity and enlarge the drainage area in order to achieve the increasing yield effect obviously.
Reservoir Effective Thickness c2
Whether the fracturing measures can be implemented is directly affected by the size of the reservoir's effective thickness. If the effective thickness is too thin, the yield through fracturing will be greatly affected.
Porosity c3
For the reservoir with low porosity and poor connectivity, taking fracturing can generate crack in the formation, change pore network structure, and increase the number of connected throat to help improving conductivity.
Water Saturation c4
Water saturation, an important parameter for the calculation of reserves and recoverable reserves, directly reflects the quality of the reservoir. The higher the water saturation for well layer, the worse the yield of fractured well layer.
Skin Factor c5
Skin coefficient reflects the degree of well pollution. The higher the skin factor, the more serious the well pollution. When permeability decreased more and more seriously near the wellbore and the fluid fall into the well, the exploration value is lost because of the loss of a large amount of energy. If the conduct of fracturing removes the blocking, then both the yield and the flow condition can be effectively improved.
Producing Pressure Drop c6
The bigger the producing pressure drop, the bigger the loss of pressure induced by fluid flowing from the supply side to the bottom of well. It shows that reservoir has poor connectivity and low permeability zone. If the fracturing is conducted, then energy consumption can be reduced and low permeability zone crack is generated.
Formation Pressure c7
All the oil, gas, and water contained in oil and gas layer bear certain formation pressure. Generally speaking, the deeper the reservoir, the larger the formation pressure. Most of the reservoir pressure coefficient lies between 0.7 and 1.2. The reservoir pressure, less than 0.7, is called abnormal low pressure. And the reservoir, higher than 1.2, is called abnormal high pressure. 
Oil Production Daily c8
Oil production is the capability logo for the well. Fracturing measures aim at choosing the wells with low permeability or production. Table 2 presents the measured values of the alternatives with respect to the above influencing factors. Because of some incomplete and unattainable information, the result data is determined by interval data. Next we utilize the proposed approach to determine the preferred alternatives with refracturing measurement.
Results and Discussion
Firstly, suppose that the matrix B 1 u ij m×n consists of the interval data from 
5.1
Since our field data given in Table 2 is affected by complex environment, incomplete information, and human imprecise judgments, decision makers' judgments including preferences are often vague and cannot estimate his preference with an exact value. Here, we consider that the rating of each alternative is affected by 5% of uncertainty. Therefore, the fuzzy decision matrix after normalization using interval-valued triangular fuzzy numbers is shown in Table 3 .
In the process of decision making for refractured well selection, suppose that the decision makers consist of three managers from the project, two experts G 1 and G 2 from the well exploration field, and one organizer G 3 of oil company. Since the perspective of the decision makers may be not given the same importance, a weighted vector
is introduced to denote the importance weight for the criteria regarding the opinion of the decision maker G k with k 1, 2, 3. Next, determine the weighted vector of criteria by virtue of fuzzy AHP, which is suitable for dealing with the uncertainty associated with the mapping of human judgment to a number by natural language. Following the fuzzy AHP approach provided in Section 2, for the purpose of weighting the criteria of refractured well selection, the factors and sub-factors are determined by the group decision makers as follows. The factors affecting refractured well selection are composed of the properties of objective thing PO and the productive features PF , and the sub-factors consist of all the criteria of well selection for refracturing, where the criteria c1, c2, c3, c4, and c5 belong to PO and the criteria c6, c7, and c8 belong to PF. Pairwise comparison matrices used to calculate weights for factors and sub-factors are formed by each decision member, respectively, see Tables 4, 5 , 6, and 7. For two normalized triangular fuzzy numbers A and B, its greatest value is H 1, 1, 1 . So, we can compare the size of A and B by comparing the distances d A, H and d B, H . If it shows that distance from A to H is farther than distance from B to H; that is, d A, H > d B, H , then we say B is larger than A or B is more important than A; that is, Table 7 , the ordering for the criteria according to the importance weights given by each decision maker is the following:
5.3
It is shown that G 1 seeks to maximize the effective permeability c1, which is one of the important parameters in evaluating reservoir. G 2 stress optimizing the productive features including formation pressure c7, producing pressure drop c6, and then oil production daily c8. G 3 seeks to maximize the output of production c8.
Next, the proposed fuzzy TOPSIS procedure is applied to determine final ranking for the alternatives. Taking decision maker 1 as an example, by using Tables 3 and 7, Step 2 in Section 3 constructs a weighted fuzzy normalized decision matrix 1 B shown in Table 8 .
Step 3 identifies the positive ideal solution 1 S and negative ideal solution 1 S − as follows: 8103 is the alternative A 1 , possibly due to the optimal relative closeness and higher performance ratings for the criteria c1, c2, and c8. Moreover, these criteria are just stressed by the three decision makers. The second-best alternative may be A 3 , which has higher performance ratings for the criteria c1, c2, and c8. However, from the viewpoint of the cost criteria that is to say, the less its value for cost criterion, the better the criterion , A 3 has higher cost criteria c4 50, 51 , c5 11.35, 12 , c6 12, 13 than A 1 's cost criteria c4 49, 50 , c5 6.48, 6.5 , c6 8.9, 9.1 . In addition, A 4 and A 5 are the most preferable ones in the view of three decision makers due to the suitable amount of performance ratings on benefit criteria. However, the alternative A 2 is considered the worst alternative, possibly due to its rather poor effective permeability 0.2, 0.3 . From Table 2 , the minimum and maximum for skin factor are presented by A 2 and A 3 , respectively. Because skin factor is the least importance weight among all the alternatives for decision makers, A 2 remains a weak alternative. The latter discordance between A 2 and A 6 among decision makers might be explained by differences in various criteria, where A 2 has the lowest rating 0.2,0.3 with respect to the criterion c1, but A 6 has the lowest rating 4,4.5 with respect to the criterion c3, the criteria c2, c5, c7, and c8 of alternative A 2 are superior to that of alternative A 6 , and the criteria c4 and c6 of alternative A 6 are superior to that of alternative A 2 . As a result of the discordances among opinions in group decision making, we shall further aggregate the obtained results from all the decision makers.
Next, suppose λ λ 1 , λ 2 , λ 3 1/3, 1/3, 1/3 be the importance weight vector of decision makers, which means that all decision makers have the same importance. Then the Table 9 : Application of the fuzzy TOPSIS for decision makers with weights.
Alt. weighted relative closeness matrix is calculated and shown in Table 10 . The group positive ideal solutions and group negative ideal solutions are also calculated by utilizing TOPSIS. Finally
Step 9 in Section 3 presents the final ranking for refractured well selection. According to the preference order of δ G A i , the final ranking of these alternatives is
It shows that alternative A 1 is the best one and A 3 is the second by Table 10 , which could be explained mainly by sufficient oil production daily and effective permeability. Indeed these criteria are more attractive for decision makers. By changing the importance weights of the group decision makers, the ranking of the alternatives may be modified. Now, by virtue of the TOPSIS, another different important weight vector λ 0.2, 0.2, 0.6 is chosen to calculate the weighted relative closeness matrix, group positive ideal solution, and group negative ideal solution, and to determine the final ranking for refractured well selection in Table 11 . The scenario pays the most of attention to the organizer of oil company and leave two experts from the well exploration field equally important.
After two months for refracturing, the increasing daily oil production of these alternatives is presented in Table 12 . Therefore, according to the decreasing order of the increasing oil production daily, the final ranking of these alternatives is A 1 > A 3 > A 5 > A 4 > A 6 > A 2 , which reaches an agreement on the results of the proposed methodology. It is proven by practice that the proposed method is of great reliability and suitable for solving refractured well-selection problem.
If we utilize the AHP 24 and TOPSIS 2 to evaluate the alternatives for refracturing measurement, the preference order of alternatives may not be in accordance with the result obtained from the proposed fuzzy methodology. In fact, suppose the input data be the medium of every element from Table 2 , and global weights for criteria with respect to each decision maker are calculated as shown in Table 13 .
Then the TOPSIS is applied to rank the alternatives on a basis of input weights by AHP. The corresponding results are shown in Table 14 . When the group decision makers have the same importance; that is, λ 1/3, 1/3, 1/3 is assigned to the importance weight vector of decision makers, the preference order determined by AHP and TOPSIS methodology is A 1 > A 3 > A 5 > A 2 > A 6 > A 4 . If λ 0.2, 0.2, 0.6 is assigned to the importance weight vector of decision makers, then the preference order is A 1 > A 3 > A 2 > A 5 > A 6 > A 4 . It shows that the results are not in accordance with the field study, although the best and second-best alternatives are the same as those through the field study. The AHP and TOPSIS methods are regarded as viable approaches in solving a decision problem when precise performance ratings are available. However, it has the constraints in the conditions of inaccurate or vague performance ratings. For this case study, the application of fuzzy AHP and fuzzy TOPSIS methodology can copy with the well-selection problem for refracturing measurement effectively.
Conclusions
When considering the fact that, in many cases, multicriteria decision-making problems are affected by uncertainty and taking into account the subjective preferences of the group decision makers, we introduce interval-typed fuzzy numbers to express the values of these criteria. Therefore, in this paper, a new model for multicriteria decision-making problem is constructed by integrating fuzzy AHP with fuzzy TOPSIS, where the fuzzy AHP is used to analyze the structure of the selection problem and to determine weights of the criteria in the form of triangular fuzzy numbers, and fuzzy TOPSIS with interval-typed triangular fuzzy numbers is proposed to determine final ranking for refractured well selection. Furthermore, the algorithm allows finding the best alternatives.
From the field study, the proposed method is proven to be of great reliability and significance for well selection during refracturing treatment. Since the computation processes are straightforward and understandable, it is believed that the method can be applied to solve other complex and fuzzy MCGDM problems with a more amount of alternatives, criteria, and group decision makers.
